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Abstract
We study inflation in the Brans-Dicke gravity as a special model of the scalar-tensor gravity.
We obtain the inflationary observables containing the scalar spectral index, the tensor-to-scalar
ratio, the running of the scalar spectral index and the equilateral non-Gaussianity parameter in
terms of the general form of the potential in the Jordan frame. Then, we compare the results
for various inflationary potentials in light of the Planck 2015 data. Our study shows that in the
Brans-Dicke gravity, the power-law, inverse power-law and exponential potentials are ruled out by
the Planck 2015 data. But, the hilltop, Higgs, Coleman-Weinberg and natural potentials can be
compatible with Planck 2015 TT,TE,EE+lowP data at 95% CL. Moreover, the D-brane, SB SUSY
and displaced quadratic potentials can be in well agreement with the observational data since their
results can lie inside the 68% CL region of Planck 2015 TT,TE,EE+lowP data.
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I. INTRODUCTION
The model of Hot Big Bang cosmology has impressive successes such as explaining the
light nucleosynthesis and the cosmic microwave background (CMB) radiation. Despite its
considerable successes, it suffers from central problems such as the flatness problem, the
horizon problem and also the magnetic monopole problem. Inflation theory was proposed
to solve all of these problems [1–7]. Inflation is not a replacement for the Hot Big Bang
cosmology, but rather an extra add-on idea which supposes that a short period of rapid
accelerated expansion has occurred before the radiation dominated era. In addition to
solving the problems of the Hot Big Bang cosmology, inflation can provide a reasonable
explanation for the anisotropy observed in the CMB radiation and also in the large-scale
structure (LSS) of the universe [8–11]. This fact makes it possible for us to contact the late
time observations to the early stages of our universe. Important observational results are
provided by the Planck satellite from probing of the CMB radiation anisotropies in both
temperature and polarization [12]. Using these observational results, we can distinguish
viable inflationary models and also constrain them.
The standard inflationary scenario is based on a canonical scalar field in the framework
of Einstein gravity. Viability of different inflationary models in the framework of standard
inflationary scenario in light of the observational results has been extensively investigated in
the literature [13–17]. So far, many inflationary models have been proposed. One important
class of inflationary models are based on the extended theories of gravity. The well-known
instance for this class of models is the Starobinsky R2 inflation [1]. Despite the fact that this
model is the first inflationary model, it is in well agreement with the observational results [12–
16]. Inflationary models on the extended theories of gravity have been extensively studied
in the literature [18–46].
One important branch of the extended theories of gravity is the scalar-tensor gravity
which is a general theory that includes the f(R)-gravity, the Brans-Dicke gravity and the
dilatonic gravity [47–49]. In the present paper, we focus on the Brans-Dicke gravity and
study inflation in this framework.
In study of inflation, the scalar field is called “inflaton” that can provide a negative
pressure needed to have an accelerated expansion. During inflation, the inflaton rolls slowly
downward a potential and we can examine its evolution classically [50, 51]. At the end of
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inflation, the inflaton begins to oscillate around the minimum of the potential that leads
to particle production and provides for the universe to transit into the radiation dominated
era. This period is known as the “reheating” process that its details are unknown to us
so far. Also, we don’t know the shape of the inflationary potential that determines the
dynamics of the inflaton. In order to understand the inflationary potential, we need more
advances in both theory and observations. However, by examination of different potentials
in light of the observational results, we can specify some features of the original inflationary
potential. In order to relate the present time observations to the inflationary era, we note
that besides the classical evolution, the inflaton scalar field has some quantum fluctuations
during inflation that can lead to the primordial perturbations whose we can see the imprints
on the anisotropies observed in the CMB radiation and in the LSS formation [50–55].
Note that from the energy scale of the primordial universe, it is believed that cosmological
inflation has occurred in the regime of high energy physics. Also in one hand, the effective
quantum field theory predicts that the high energy theory has fields with non-canonical
kinetic terms [56–58]. On the other hand, from the action of the Brans-Dicke gravity, we
know that the kinetic term of this theory has a non-canonical form. This motivates us to
investigate the cosmic inflation of the early universe within the framework of the Brans-
Dicke gravity. In our work, we concentrate on the various inflationary potentials which have
motivations from quantum field theory or string theory and check their viability in light of
the Planck 2015 observational results. To do so, first we present a brief review on the scalar-
tensor gravity that it will be done in sec. II. Then, in sec. III, we will apply the results of
sec. II for the Brans-Dicke gravity as a special case of the scalar-tensor gravity and find the
relations of the inflationary observables. This makes it possible for us to examine various
inflationary potentials in comparison with the observational results that we proceed to it in
sec. IV. Finally, in sec. V, we summarize our concluding remarks.
II. A BRIEF REVIEW ON THE SCALAR-TENSOR GRAVITY
At first, in 1950, Jordan applied a scalar field in the gravitational part of the action.
Then, in 1961, Brans and Dicke [59] introduced a formalism for gravity in which the metric
field together with a scalar field have been invoked to describe the gravitational force. After
the discovery of the present accelerated expansion of the universe in 1998, other models on
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the base of the scalar-tensor gravity were proposed to explain this phenomenon [60–66]. In
this class of models, a scalar field is considered to solve the cosmological constant problems.
The scalar-tensor gravity relative to the other competitor theories, posses the advantage
that it can involve the dark energy in the form of the energy-momentum tensor T ϕµν and
involve the modified gravity in the form of the Einstein tensor Gϕµν .
Throughout this paper we take the Jordan frame as the physical frame. In the Jordan
frame, the general action of the scalar-tensor models can be written in the form [47–49, 67, 68]
SJ =
∫
d4x
√−g
[
1
2
f(R,ϕ)− 1
2
ω(ϕ)gµν∂µϕ∂νϕ− U(ϕ)
]
, (1)
where f(R,ϕ) is a general function of the Ricci scalar R and the scalar field ϕ while the
parameter ω and the potential U are general functions of ϕ. Hereafter, we take the reduced
Planck mass equal to unity, MP ≡ 1/
√
8piG = 1. The above action for the scalar-tensor
gravity includes the f(R) models, the Brans-Dicke gravity and also the dilatonic models
[47–49].
Now, we turn to examine the dynamics of background cosmology in the scalar-tensor
gravity. The variation of the action (1) with respect to the metric tensor gµν leads to
[49, 68]
FRµν − 1
2
fgµν −∇µ∇νF + gµν∇α∇αF =
ω(ϕ)
(
∇µϕ∇νϕ− 1
2
gµν∇λϕ∇λϕ
)
− U(ϕ)gµν , (2)
where ∇µ indicates covariant derivative and the function F is defined as F ≡ ∂f/∂R.
Variation of the action (1) relative to the scalar field ϕ gives rise to
∇α∇αϕ+ 1
2ω(ϕ)
(
ω,ϕ∇λϕ∇λϕ− 2U,ϕ + f,ϕ
)
= 0, (3)
where U,ϕ ≡ dU/dϕ.
For a spatially flat Friedmann-Robertson-Walker (FRW) universe, Eqs. (2) and (3) turn
into [49, 68]
3H2F − 1
2
(RF − f) + 3HF˙ − 1
2
ω(ϕ)ϕ˙2 − U(ϕ) = 0, (4)
F¨ −HF˙ + 2FH˙ + ω(ϕ)ϕ˙2 = 0, (5)
ϕ¨+ 3Hϕ˙+
1
2ω(ϕ)
(
ω,ϕϕ˙
2 + 2U,ϕ − f,ϕ
)
= 0, (6)
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where the dot denotes a derivative with respect to the cosmic time t. The Hubble parameter
is denoted by H ≡ a˙/a where a is the scale factor of the universe. Also, R is the Ricci scalar
which is given by
R = 6
(
a¨
a
+
a˙2
a2
)
= 6
(
2H2 + H˙
)
. (7)
In the following, we briefly review the cosmological perturbations in the scalar-tensor
gravity (for more details about this subject see e.g. [49, 69–75]). We consider a general
perturbed metric about the flat FRW background as [49]
ds2 = −(1+2α)dt2−2a(t)(∂iβ−Si)dt dxi+a2(t)(δij+2ψδij+2∂i∂jγ+2∂jFi+hij)dxidxj , (8)
where α, β, ψ and γ are scalar perturbations, Si and Fi are vector perturbations, and hij is
tensor perturbations. Also the energy-momentum tensor of a perfect fluid with perturbations
is given by [49]
T 00 = −(ρ+ δρ), T 0i = −(ρ+ p)∂iv, T ij = (p+ δp)δij , (9)
where ρ and p are the energy density and pressure of the perfect fluid, respectively. Also,
∂iv characterizes the scalar part of the velocity potential of the fluid. Here, it is useful to
introduce the momentum density δqi ≡ (ρ+ p)vi. Applying the scalar-vector-tensor (SVT)
decomposition, the momentum density δqi can be expressed in terms of the scalar and vector
parts, δqi = ∂iδq + δqˆi, where the vector part is divergenceless, ∂
iδqˆi = 0. As a results, Eq.
(9) follows that the scalar part of the 3-momentum energy-momentum tensor δT 0i is equal
to the scalar part of the momentum density ∂iδq. The scalar part of the momentum density
∂iδq is used in definition of an important gauge-invariant quantity which is the curvature
perturbation [49]
R ≡ ψ + H
ρ+ p
δq. (10)
Indeed, deviation from the homogeneous and isotropic FRW metric leads to perturbation
in the constant-time spatial slices that this perturbation is specified by the curvature per-
turbation R. The attractive feature of R is the fact that it remains constant outside the
horizon. In particular, its amplitude is not affected by the unknown physical properties of
the reheating process occurred at the end of inflation. It is the constancy of R outside the
horizon that allows us to nevertheless predict cosmological observables. After inflation, the
comoving horizon grows, so eventually all fluctuations will re-enter the horizon. After hori-
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zon re-entry, R determines the perturbations of the cosmic fluid resulting in the observed
CMB anisotropies and the LSS [50–55].
In order to examine the evolution of R during inflation, first we need to write it in the
form that remains invariant under coordinate transformation so that we can distinguish the
physical perturbations from the nonphysical ones. Then, we should apply the Arnowitt-
Deser-Misner (ADM) formalism based on the variation from the second order action to
obtain the evolution equation for the curvature perturbation R. Subsequently, we quantize
the perturbations to find an initial condition for the evolution equation and then obtain its
general solution for the quasi-de Sitter universe. In the next step, we evaluate the solution
at the time of horizon exit and find the power spectrum of perturbations. In the standard
inflationary model based on a minimally coupled scalar field in the Einstein gravity, the
equation for the scalar perturbations is known as the “Mukhanov-Sasaki equation”. For
reviews on cosmological perturbations theory in the standard inflationary scenario see e.g.
[50–55].
Using the perturbed equations in the scalar-tensor gravity, the equation of motion for the
curvature perturbation can be derived as [49]
u′′k −
(
k2 − z
′′
z
)
uk = 0, (11)
where the prime indicates a derivative with respect to the conformal time τ =
∫
a−1dt. The
normalized variable u is defined as
u ≡ zR. (12)
For the standard inflationary scenario, the variable z is defined as z ≡ aϕ˙/H , but for the
scalar-tensor gravity, this variable is obtained as
z = a
√
Qs, (13)
where
Qs ≡
ω(ϕ)ϕ˙2 + 3F˙
2
2F(
H + F˙
2F
)2 . (14)
To obtain the power spectrum of the curvature perturbation, it is useful to introduce the
slow-roll parameters [49, 72]
ε1 ≡ − H˙
H2
, ε2 ≡ ϕ¨
Hϕ˙
, ε3 ≡ F˙
2HF
, ε4 ≡ E˙
2HE
. (15)
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In the slow-roll approximation, we assume that the slow-roll parameters are much smaller
than unity. In the above expressions, the parameter E is defined as
E ≡ F
[
ω(ϕ) +
3F˙ 2
2ϕ˙2F
]
. (16)
Therefore, using Eqs. (14), (15) and (16), we can rewrite Qs as
Qs = ϕ˙
2 E
FH2(1 + ε3)2
. (17)
If the slow-roll parameters are constant, i.e. ε˙i = 0 (i = 1, 2, 3, 4), then using Eqs. (13) and
(17), we will have
z′′
z
=
ν2R − 1/4
τ 2
, (18)
where
ν2R =
1
4
+
(1 + ε1 + ε2 − ε3 + ε4) (2 + ε2 − ε3 + ε4)
(1− ε1)2
. (19)
In addition, the conformal time reads
τ = − 1
(1− ε1) aH . (20)
Consequently, the solution of Eq. (11) can be expressed as a linear combination of the
Hankel functions,
uk(τ) =
√
pi|τ |
2
ei(1+2νR)pi/4
[
C1H
(1)
νR
(k|τ |) + C2H(2)νR (k|τ |)
]
, (21)
where the integration constants C1 and C2 are determined by imposing the suitable initial
conditions. Finally, the acceptable solution for uk(τ) is obtained as [49]
uk(τ) =
√
pi|τ |
2
ei(1+2νR)pi/4H(1)νR (k|τ |) . (22)
The scalar power spectrum is defined as
Ps ≡ k
3
2pi2
|R|2. (23)
Using Eqs. (12) and (22) in the above definition, we get
Ps = 1
Qs
[
(1− ε1) Γ (νR)
Γ (3/2)
H
2pi
]2( |kτ |
2
)3−2νR
, (24)
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where Γ is the Gamma function. The power spectrum of the curvature perturbation must
be evaluated at the horizon crossing for which k = aH . In the slow-roll approximation, it
takes the form
Ps ≃ 1
Qs
(
H
2pi
)2∣∣∣
k=aH
. (25)
The scale-dependence of the scalar power spectrum is specified by the scalar spectral
index defined as
ns − 1 ≡ d lnPs
d ln k
. (26)
With the help of Eq. (24), the scalar spectral index (26) reads
ns − 1 = 3− 2νR. (27)
In the slow-roll approximation, it therefore can be written as [49]
ns ≃ 1− 4ε1 − 2ε2 + 2ε3 − 2ε4. (28)
Here, we concentrate on the tensor perturbations in the framework of the scalar-tensor
gravity. The power spectrum of the tensor perturbations can be derived in a similar proce-
dure to the one followed for the scalar perturbations and in the slow-roll regime it takes the
form [49]
Pt ≃ 2
pi2
H2
F
∣∣∣
k=aH
. (29)
To specify the scale-dependence of the tensor power spectrum, one can define the tensor
spectral index
nt ≡ d lnPt
d ln k
. (30)
For the scalar-tensor gravity and in the slow-roll approximation, it can be obtained as
nt ≃ −2ε1 − 2ε3. (31)
An important inflationary observable is the tensor-to-scalar ratio which is defined as
r ≡ PtPs . (32)
Using Eqs. (25) and (29) in (32), the tensor-to-scalar ratio for the scalar-tensor gravity in
the slow-roll approximation turns into
r ≃ 8Qs
F
. (33)
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So far, we have obtained the inflationary observables in the Jordan frame which is our
physical frame in this paper. Applying the conformal transformations, we can go from the
Jordan frame to the Einstein frame and calculate the inflationary observables in that frame
too. The issue of the conformal transformations is an important subject in the context
of modified theories of gravity. Also, implications of the Einstein and Jordan frames and
physicalness of these frames has always been controversial [76–80]. The conformal trans-
formations define the induced degrees of freedom as scalar fields in the extended theories
of gravity and consequently these transformations are used to investigate the models with
different couplings between matter-energy content and the geometry. Indeed, the conformal
transformations indicate the mathematical equivalence between the scalar-tensor gravity
and the Einstein general relativity.
In the conformal transformations, the metric re-scaling which is dependent on the space-
time, is considered in the form
gµν → g˜µν = Ω2gµν , (34)
that we specify quantities in the Einstein frame by tilde. For the scalar-tensor gravities in
which f(R, φ) = F (φ)R, the transformation parameter becomes
Ω2 = F ≡ ∂f
∂R
, F > 0. (35)
As a result, the action (1) in the Einstein frame turns into
SE =
∫
dx4
√
−g˜
[
1
2
R˜− 1
2
g˜µν∂µφ∂νφ− V (φ)
]
,
that now there exist no coupling between the Ricci scalar and the scalar field. In the
above equation, φ and V (φ) are the scalar field and the potential in the Einstein frame,
respectively. In order to the kinetic energy have the canonical form, we define the scalar
field in the Einstein frame as
φ =
∫
dϕ
√
3
2
(
F,ϕ
F
)2
+
ω(ϕ)
F
. (36)
Due to conformal transformation, the time and scale factor change as
dt˜ =
√
Fdt, a˜ =
√
Fa. (37)
Therefore, the Hubble parameter changes in the form
H˜ =
1
a˜
da˜
dt˜
=
1√
F
(
H +
F˙
2F
)
. (38)
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In addition, the potential in the Einstein frame is given by [47, 48]
V (φ) =
U(ϕ)
F 2(ϕ)
∣∣∣∣
ϕ=ϕ(φ)
. (39)
If we have the scalar field and Hubble parameter in the Einstein frame, we can calculate
the scalar power spectrum from [51]
P˜s =
(
H˜
2pi
)2(
H˜
φ′
)2
, (40)
where prime denotes derivative with respect to time in the Einstein frame. Also, if we
obtain the potential in the Einstein frame, then we can simply calculate the observational
parameters in terms of the potential slow-roll parameters which are expressed in terms of
the potential and its derivatives as
εV ≡ 1
2
(
V,φ
V
)2
, (41)
ηV ≡ V,φφ
V
. (42)
In the Einstein frame, we can express the scalar spectral index and tensor-to-scalar ratio in
terms of the potential slow-roll parameters as [51]
n˜s ≃ 1 + 2ηV − 6εV , (43)
r˜ ≃ 16εV , (44)
which are valid in the slow-roll approximation.
III. INFLATION IN THE BRANS-DICKE GRAVITY
In this section, we consider the Brans-Dicke gravity as a special model of the scalar-tensor
gravity and derive the background field equations in this model. Then, we turn to study
inflation in this model and using the relations expressed in the previous section, we obtain
the observational quantities for the Brans-Dicke gravity in both the Jordan and Einstein
frames. In the next section, we will use the results for the inflationary observables for
different potentials which have motivations from quantum field theory or string theory. In
this way, we will be able to compare behaviors of those potentials in the Brans-Dicke gravity
versus their behaviors in the standard inflationary scenario based on the Einstein gravity.
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Furthermore, we will check viability of those inflationary potentials in light of the Planck
2015 observational data.
Brans and Dicke [59] proposed a specific form of the scalar-tensor gravity that it is
founded on the Mach principle, which implies that the inertial mass of an object depends on
the matter distribution in the universe and thus the gravitational constant should have time-
dependence. This idea was in agreement with Dirac’s prediction about the time-dependence
of the gravitational constant so that the quantities constructed from the fundamental con-
stants, take the values of order of the elementary particles. In the Brans-Dicke theory a
scalar field is invoked to describe the time-dependence of the gravitational constant. In
order to the action (1) turn into the action of the Brans-Dicke gravity, we should consider
f(R,ϕ) = ϕR, ω(ϕ) =
ωBD
ϕ
, (45)
where ωBD is the Brans-Dicke parameter which is a constant. Therefore, the form of the
Brans-Dicke action in the Jordan frame becomes
SJ =
∫
d4x
√−g
[
1
2
ϕR− 1
2
ωBD
ϕ
gµν∂µϕ∂νϕ− U(ϕ)
]
. (46)
Hereafter, we drop out the subscript “BD” in the Brans-Dicke parameter and write it as
ω. It should be noted that the original Brans-Dicke theory does not contain the potential
(U(ϕ) = 0) [59].
Using Eqs. (4) and (6) for the Brans-Dicke action (46), we obtain the evolution equations
for a spatially flat FRW universe as
3
(
H +
ϕ˙
2ϕ
)2
− (2ω + 3)
4
(
ϕ˙
ϕ
)2
− U
ϕ
= 0, (47)
ϕ¨+ 3Hϕ˙+
2
(2ω + 3)
(ϕU,ϕ − 2U) = 0. (48)
Considering the slow-roll conditions |ϕ˙| ≪ |Hϕ| and |ϕ¨| ≪ |3Hϕ˙|, Eqs. (47) and (48) reduce
to
3H2ϕ− U ≃ 0, (49)
3Hϕ˙+
2
(2ω + 3)
(ϕU,ϕ − 2U) ≃ 0. (50)
From Eqs. (49) and (50), one can get H and ϕ˙ in terms of the potential U(ϕ) in the slow-roll
approximation.
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Here, we introduce the e-fold number which is used to determine the amount of inflation
and is defined as
N ≡ ln
(ae
a
)
, (51)
where ae is the scale factor at the end of inflation. The above definition gives rise to
dN = −Hdt = −H
ϕ˙
dϕ. (52)
The anisotropies observed in the CMB correspond to the perturbations whose wavelengths
crossed the Hubble radius around N∗ ≈ 50 − 60 before the end of inflation [81, 82]. This
result can be obtained with the assumption that during inflationary era, a slow-roll inflation
has occurred that it provides a quasi-de Sitter expansion with H ≈ constant for the universe.
In addition, the evolution of the universe after inflation is assumed to be determined by the
standard model of cosmology. In this work, we have used these two assumptions and thus
we can take the e-folds number of the horizon crossing as N∗ ≈ 50 − 60 from the end of
inflation. Substituting H and ϕ˙ from Eqs. (49) and (50), respectively, into Eq. (52), we
obtain
N ≃ (2ω + 3)
2
∫ ϕ
ϕe
U
ϕ (ϕU,ϕ − 2U)dϕ, (53)
where ϕe is the scalar field at the end of inflation that to determine it, we use the relation
ε1 = 1, because the slow-roll conditions are violated at the end of inflation.
From Eqs. (16) and (45), we see that the parameter E for the Brans-Dicke gravity
becomes a constant as E = ω + 3/2, and therefore the fourth slow-roll parameter in Eq.
(15) vanishes (ε4 = 0). Consequently, the scalar spectral index for this model results from
Eq. (28) as
ns ≃ 1− 4ε1 − 2ε2 + 2ε3. (54)
From the above equation, we calculate the running of the scalar spectral index for the
Brans-Dicke gravity as
dns
d ln k
≃ −8ε21 + 2ε22 − 4ε23 − 2ε1ε2 + 4ε1ε3, (55)
that we have used the relation k = aH which is valid at the horizon crossing. Within the
framework of Brans-Dicke gravity, we get the parameter Qs from Eq. (17) as
Qs =
ϕ˙2 (2ω + 3)
2H2ϕ
(
1 + ϕ˙
2Hϕ
)2 . (56)
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Substituting the above result into Eq. (33), we obtain the tensor-to-scalar ratio for the
Brans-Dicke gravity as
r ≃ 4 (2ω + 3) ϕ˙
2
H2ϕ2
. (57)
In the following, we try to find the inflationary observables in terms of the potential.
To this aim, it is useful to find expressions of the slow-roll parameters in the slow-roll
approximation. If we use Eqs. (49) and (50) in (15), we get the non-vanishing slow-roll
parameters
ε1 =
(ϕU,ϕ − 2U) (ϕU,ϕ − U)
(2ω + 3)U2
, (58)
ε2 = ε1 − 2ϕ (ϕU,ϕϕ − Uϕ)
(2ω + 3)U
, (59)
ε3 = −(ϕU,ϕ − 2U)
(2ω + 3)U
. (60)
Consequently, if we use Eqs. (49) and (50) in Eq. (56) and then insert the result into Eq.
(25), we obtain the scalar power spectrum in terms of the inflationary potential as
Ps ≃ (2ω + 3)U
3
24pi2ϕ2(ϕU,ϕ − 2U)2
. (61)
In addition, substituting the slow-roll parameters (58), (59) and (60) into Eq. (54), the
scalar spectral index takes the form
ns ≃ 1 + 2
(2ω + 3)U2
[
ϕ
(
6UU,ϕ + 2ϕUU,ϕϕ − 3ϕU2ϕ
)− 4U2] . (62)
Moreover, using Eqs. (49) and (50), the tensor-to-scalar ratio (57) is obtained as
r ≃ 16(ϕU,ϕ − 2U)
2
(2ω + 3)U2
. (63)
Another inflationary observable which can be used to discriminate between inflationary
models, is the non-Gaussianity parameter (for review see e.g. [83, 84]). Different inflationary
models predict maximal signal for different shapes of non-Gaussianity. Therefore, the shape
of non-Gaussianity is potentially a powerful probe of the mechanism that generate the
primordial perturbations [51, 85]. For the single field inflationary models with non-canonical
kinetic terms, the non-Gaussianity parameter has peak in the equilateral shape. Also, the
squeezed shape is the dominant mode of models with multiple light fields during inflation.
Furthermore, the folded non-Gaussianity becomes dominant in models with non-standard
initial states.
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The subject of primordial non-Gaussianities in the Brans-Dicke theory has been investi-
gated in details in [86]. However, since in the present work, we deal with a single field infla-
tion with a non-canonical kinetic term and standard initial states (such as the Bunch-Davies
vacuum initial conditions for perturbations), therefore we focus on the non-Gaussianity pa-
rameter in the equilateral limit. The equilateral non-Gaussianity parameter for the Brans-
Dicke gravity has been obtained in [21] as
f equilNL = −
5
4
ε2 +
5
6
ε3. (64)
We see that in the Brans-Dicke gravity, the equilateral non-Gaussianity is of order of the
slow-roll parameters which are very smaller than unity in the slow-roll regime. On the
other hand, the slow-roll conditions can be perfectly satisfied in the Brans-Dicke gravity.
Therefore, the equilateral non-Gaussianity parameter in the Brans-Dicke gravity can be in
agreement with the Planck 2015 prediction, f equilNL = −16 ± 70 (68% CL, Planck 2015 T-
only), see [12]. We will show this fact in the next section explicitly for different inflationary
potentials.
At the end of this section, we discus about equivalence of the results for the inflationary
observables in the Jordan and Einstein frames. We saw before that via the conformal
transformation g˜ = Ω2g, we can go from the Jordan frame to the Einstein frame. For the
Brans-Dicke gravity, F = ϕ, and thus from Eq. (37) we see that the time and scale factor
change under the conformal transformation as
dt˜ =
√
ϕ dt, a˜ =
√
ϕ a. (65)
Also, from Eq. (38) we conclude that the Hubble parameter transforms in the form
H˜ =
H√
ϕ
. (66)
To find the relation between the scalar fields in the Einstein and Jordan frames in the
Brans-Dicke gravity, we use Eq. (36) and get
φ =
√
2ω + 3
2
lnϕ. (67)
Also, from Eq. (39), we see that the relation between potentials in the two frames is
V (φ) =
U(ϕ)
ϕ2
∣∣∣∣
ϕ=ϕ(φ)
. (68)
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Here, we want to know how the inflationary observables change under the conformal
transformation from the Jordan frame to the Einstein frame in the Brans-Dicke gravity.
First, we focus on the transformation of the scalar power spectrum. If we use Eqs. (65),
(66) and (67) in Eq. (40), and compare the result with Eq. (61), we conclude that
P˜s ≃ Ps, (69)
which implies that in the slow-roll approximation, the equations for the scalar power spec-
trum are same in both the Einstein and Jordan frames.
In what follows, we proceed to find the transformations of the scalar spectral index and
tensor-to-scalar ratio. To do so, we can use Eqs. (67) and (68) in Eqs. (41) and (42), and
obtain the potential slow-roll parameters in the Einstein frame in terms of the scalar field
ϕ and potential U(ϕ) in the Jordan frame, as
εV =
(ϕUϕ − 2U)2
(2ω + 3)U2
, (70)
ηV = εV +
2ϕ (U,ϕϕ − Uϕ)
(2ω + 3)U
− ϕ
2U2,ϕ
(2ω + 3)U2
+
4
(2ω + 3)
. (71)
If we use these relations in Eqs. (43) and (44), and compare the result with Eqs. (62) and
(63), then we see that
n˜s ≃ ns, (72)
r˜ ≃ r, (73)
which means that in the Brans-Dicke gravity and in the slow-roll approximation, the relations
for the scalar spectral index and tenor-to-scalar ratio are identical in the Einstein and Jordan
frames.
There are much discussion and challenge about the Jordan and Einstein frames and also
about the results corresponding to the inflationary observables in these two frames [76–
80, 87–95]. In fact, the conformal invariance of the scalar power spectrum from the Jordan
frame to the Einstein frame, Eq. (69), is expected because of the conformal invariance of the
curvature perturbation, R˜ = R (for more details, see [49]). The conformal invariance of the
amplitude of scalar perturbations was firstly shown in [87], for λϕ4 chaotic inflation model
with the non-minimal coupling ξϕ2R in a more rigorous manner relative to the previous
papers [88, 89]. In [90], the authors have generalized the conformal invariance of both the
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scalar and tensor power spectra for the model with non-minimal coupling term F (ϕ)R.
In [76], it has been clarified that the scalar spectral index for the new inflation model
[5, 6], is different in the two frames, but for the chaotic inflation model [7] with various
initial conditions, the results are identical in both frames. Furthermore, in [77], it has
been discussed that if one applies the slow-roll approximation in obtaining the scalar power
spectrum, then the scalar spectral index for both the new and chaotic inflation models
with various initial conditions, are same in the two frames. In [49], it was shown that the
curvature perturbation and the tensor perturbations remain invariant under the conformal
transformations, and hence the scalar and tensor power spectrum remain invariant in the
two frames. Consequently, the tensor-to-scalar ratio is identical for the both frames. In
the present paper, our study implies that for the Brans-Dicke gravity, the relations of the
scalar power spectrum Ps, the scalar spectral index ns and the tensor-to-scalar ratio r are
same in the two frames, only in the slow-roll approximation. It is worth mentioning that the
conformal invariance holds for the adiabatic modes even beyond the slow-roll approximation
[91]. The conformal equivalence of the inflationary observables also holds at the non-linear
level as shown in [92, 93]. Furthermore, it was pointed out that the other cosmological
observables/relations besides the inflationary ones, such as redshift, luminosity distance,
temperature anisotropies, cross sections, etc. are frame-independent [94, 95].
IV. STUDY OF VARIOUS INFLATIONARY POTENTIALS IN THE BRANS-
DICKE GRAVITY
In the previous section, we obtained the relations of the inflationary observables in the
Brans-Dicke gravity using the Jordan frame. Here, we apply the results of the previous
section for various inflationary potentials and check their viability in light of the Planck 2015
observational results [12]. We examine the potentials which have motivations from quantum
field theory or string theory. Note that validity of these potentials in comparison with the
observational data has been already investigated in [13–17], but within the framework of
standard inflationary scenario based on Einstein’s gravity.
To examine each potential, first we use it in Eqs. (62) and (63), and find the scalar
spectral index ns and the tensor-to-scalar ratio r in terms of the inflaton scalar field ϕ.
Then, we set ε1 = 1 in Eq. (58) to determine analytically the scalar field at the end of
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inflation, ϕe. Next, we use ϕe in Eq. (53) and apply a numerical method to obtain the
inflaton scalar field at the horizon exit, ϕ∗, that we take the e-fold number of the epoch of
horizon exit as N∗ = 50 or 60. In this way, we can evaluate ns and r at the horizon exit
and then plot the r− ns diagram for the model. Finally, comparing the result of the model
in r − ns plane with the allowed region by the Planck 2015 data [12], we are able to check
viability of the considered inflationary potential in light of the observational results.
A. Power-law potential
We start with the simplest inflationary potential which is the power-law potential
U(ϕ) = U0ϕ
n, (74)
where U0 and n > 0 are constant parameters. This class of potentials includes the simplest
chaotic inflationary models introduced by [7], in which inflation starts from large values for
the inflaton, i.e. ϕ > MP . In the standard inflationary scenario, this potential can be in
agreement with Planck 2015 TT,TE,EE+lowP data [12] at 95% CL, as it has been shown
in [15].
In the Brans-Dicke gravity setting, the power-law potential (74) with n > 2 leads to the
power-law inflation with the scale factor a(t) ∝ tq where q > 1 [21]. Therefore, the slow-roll
parameters (15) turn to be constant and they become dependent on the parameters n and
ω. As a result, the scalar spectral index ns and the tensor-to-scalar ratio r become constant
as
ns = 1− 2(n− 2)
2
2ω + 3
, (75)
r =
16(n− 2)2
2ω + 3
. (76)
From the two above equations, we see that for large values of the Brans-Dicke parameter
ω, the scalar spectral index ns approaches unity while the tensor-to-scalar ratio r converges
to zero. We see that the two above equations can be easily combined to give the linear
relation
r = 8 (1− ns) . (77)
This relation implies that the prediction of the power-law potential (74) in r − ns plane is
independent of the parameters ω and n. Using the above relation, we can draw the r − ns
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FIG. 1: Prediction of power-law potential (74) in r − ns plane in the Brans-Dicke gravity (black
line). The marginalized joint 68% and 95% CL regions of Planck 2013, Planck 2015 TT+lowP and
Planck 2015 TT,TE,EE+lowP data [12] are specified by gray, red and blue, respectively.
plot as shown by a black line in Fig. 1. Moreover, in Fig. 1, the marginalized joint 68%
and 95% confidence limit (CL) regions for Planck 2013, Planck 2015 TT+lowP and Planck
2015 TT,TE,EE+lowP data [12] are specified by gray, red and blue, respectively. The figure
shows that (i) the result of the power-law potential in the Brans-Dicke gravity in contrary
to the standard model, lies outside the range allowed by the Planck 2015 data. (ii) The
prediction of this potential takes place in the region 95% CL of Planck 2013 data. This is
in good agreement with that obtained by [18] using the data of WMAP7.
B. Inverse power-law potential
The next potential which we examine is the inverse power-law potential
U(ϕ) = U0ϕ
−n, (78)
where U0 and n > 0 are two model parameters. This potential is a steep potential and in
the standard inflationary setting, it gives rise to the intermediate inflation with the scale
factor a(t) ∝ exp[A(MP t)λ] where A > 0 and 0 < λ < 1 [96–98], which is not consistent
with the Planck 2015 observational results, as it has been discussed in [15].
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To obtain the equations of ns and r for this potential in the Brans-Dicke theory, we can
simply change n → −n in Eqs. (75) and (76). In this way, if we can combine the results,
we again recover relation (77) between ns and r. Therefore, the r − ns plot for the inverse
power-law potential (78) becomes like the one for the power-law potential (74) which it has
been shown in Fig. 1. Consequently, inflation with the inverse power-law potential in the
Brans-Dicke gravity like the standard setting is ruled out by the Planck 2015 data.
C. Exponential potential
Another steep potential that we study, is the exponential potential
U(ϕ) = U0e
−αϕ, (79)
where U0 and α > 0 are constant parameters. In the standard inflation model, this potential
provides the power-law inflation with the scale factor a(t) ∝ tq where q > 1 [99–101], that
cannot be compatible with the Planck 2015 results, as it has been demonstrated in [15, 31].
Within the framework of Brans-Dicke gravity, the observables ns and r for the exponential
potential (79) become independent of the parameters U0 and α. We can evaluate ns and
r for different values of the Brans-Dicke parameter ω and the horizon exit e-fold number
N∗. Our examination shows that with N∗ = 50 and N∗ = 60, the tensor-to-scalar ratio
for different values of ω, varies in the ranges r ≥ 0.687 and r ≥ 0.580, respectively. These
results for r are not consistent with the upper bound r < 0.149 (95% CL) deduced from
Planck 2015 TT,TE,EE+lowP data [12]. Therefore, the exponential potential (79) in the
Brans-Dicke gravity like the standard scenario is disfavored by the observational data.
D. Hilltop potential
A potential which has a remarkable importance in study of inflation is the hilltop potential
U(ϕ) = U0
(
1− ϕ
p
µp
+ ...
)
, (80)
where U0, µ and p > 0 are constant parameters of the model [102]. In this interesting
class of potentials, the inflaton rolls away from an unstable equilibrium as in the first new
inflationary models [5, 6]. This potential in the standard inflationary scenario can be in
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FIG. 2: Same as Fig. 1 but for the hilltop potential (80). The result of the potential for N∗ = 50
and N∗ = 60 are shown by the dashed and solid black lines, respectively.
excellent agreement with the Planck 2015 results, because its prediction can lie inside the
region 68% CL of Planck 2015 TT,TE,EE+lowP data [12].
Study of this potential in the Brans-Dicke gravity shows that the quantities ns and r
do not depend on U0 and µ. Furthermore, we conclude that for p = 1, 2, 3, 4, 6, results
of this potential can be placed inside the region 95% CL of Planck 2015 TT,TE,EE+lowP
data, if we increase the parameter ω sufficiently. In Fig. 2, the r − ns plot for the hilltop
potential (80) with p = 4 is illustrated in comparison with the observational data. In the
figure, the results of the model with N∗ = 50 and N∗ = 60 are shown by the dashed and
solid black lines, respectively. Here, it is worthwhile to mention that in this figure, the result
of the model lies inside the region 95% CL for ω & 103. In this model, a large values of the
parameter ω gives larger values for ns and r. For very large values of ω relative to unity,
the observables ns and r approach 0.9708 (0.9757) and 0.08 (0.07), respectively, if we take
the e-fold number of horizon crossing as N∗ = 50 (N∗ = 60).
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FIG. 3: Same as Fig. 1 but for the D-brane potential (81). The results for N∗ = 50 and N∗ = 60
are shown by the dashed and solid black lines, respectively.
E. D-brane potential
Another inflationary potential which has motivations from the physical theories with
extra dimensions is the D-brane potential
U(ϕ) = U0
(
1− µ
p
ϕp
+ ...
)
, (81)
where U0, µ and p > 0 are constant parameters. Two important cases of this potential
correspond to p = 2 [103] and p = 4 [104, 105] are compatible with the Planck 2015 data in
the standard inflationary scenario, as mentioned in [12].
In the inflationary scenario based on the Brans-Dicke gravity, the observables ns and
r for the D-brane potential (81) depend only on ω and N∗. For N∗ = 50 and N∗ = 60,
the results of this potential with p = 2, 4 lie inside the 68% CL region of Planck 2015
TT,TE,EE+lowP data. We see this fact for the case p = 4 in Fig. 3, that the dashed and
solid black lines correspond to N∗ = 50 and N∗ = 60, respectively. In this figure, as the
parameter ω increases, the observables ns and r grow and converge respectively to 0.9701
(0.9751) and 0.08 (0.07), for the e-fold number of horizon exit N∗ = 50 (N∗ = 60).
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F. Higgs potential
Now, we investigate the Higgs potential
U(ϕ) = U0
[
1−
(
ϕ
µ
)2]2
, (82)
where U0 and µ > 0 are model parameters [17, 106]. This potential leads to a mechanism
of symmetry breaking, where the field rolls off an unstable equilibrium toward a displaced
vacuum [51]. The Higgs potential (82) in the standard inflationary scenario behaves like a
small-field potential when ϕ < µ, and like a large-field potential when ϕ > µ. In [15] it has
been shown that the result of this potential in the standard inflationary framework can lie
within the joint 68% CL region of Planck 2015 TT,TE,EE+lowP data.
Within the framework of Brans-Dicke gravity, our results for the Higgs potential (82) show
that the observables ns and r does not depend on the parameters U0 and µ. Surprisingly, we
found that the result of this potential for ns and r are completely identical for both sides of
the potential minimum, i.e. for ϕ < µ and ϕ > µ. In order to explain this unexpected result,
we note that to know whether the result of a potential in r − ns plane is the same for the
both sides of its minimum in the Jordan frame, we should go to the Einstein frame via the
conformal transformation. If the shape of the potential is symmetric around its minimum
in the Einstein frame, then its prediction in r− ns plane will be the same for the both sides
of its minimum, and otherwise the results will be different. For the Higgs potential (82),
using Eqs. (67) and (68), it changes under the conformal transformation as
V (φ) =
U0
µ
(
e
√
2
2ω+3
φ − µ2e−
√
2
2ω+3
φ
)2
. (83)
The above potential is completely symmetric around its minimum, µ˜ =
√
2ω+3
2
lnµ. Con-
sequently, although the Higgs potential (82) is not symmetric around its minimum in the
Jordan frame, the transformed potential (83) is completely symmetric around its minimum
in the Einstein frame. In addition, we should note that the values of φ < µ˜ and φ > µ˜ in
the Einstein frame are related respectively to the values ϕ < µ and ϕ > µ, in the Jordan
frame. As a result, we conclude that the results of Higgs potential (82) for ns and r should
be same for the both regions ϕ < µ and ϕ > µ.
The r− ns diagram for this potential is shown in Fig. 4, and as we see in the figure, the
result of the Higgs potential (82) for N∗ = 60 can be placed inside the 95% CL region of
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FIG. 4: Same as Fig. 1 but for the Higgs potential (82). The results for N∗ = 50 and N∗ = 60 are
shown by the dashed and solid black lines, respectively.
Planck 2015 TT,TE,EE+lowP data. For this model, as ω becomes larger, the scalar spectral
index ns increases and approaches 0.9604 (0.9669) for N∗ = 50 (N∗ = 60). Moreover, the
greater ω leads to the smaller values for the tensor-to-scalar ratio r and it finally approaches
0.16 (0.13) for N∗ = 50 (N∗ = 60).
G. Coleman-Weinberg potential
A famous inflationary potential which has ideas from quantum field theory, is the
Coleman-Weinberg potential
U(ϕ) = U0
[(
ϕ
µ
)4(
ln
(
ϕ
µ
)
− 1
4
)
+
1
4
]
, (84)
with constants U0 and µ > 0 [13, 14, 17, 107]. This potential is historically famous since
it was applied in the original papers of the new inflation model [5, 6]. In [15], the authors
have examined this potential in the standard inflationary framework and shown that it can
be consistent with 68% CL region of Planck 2015 TT,TE,EE+lowP data.
The result of Coleman-Weinberg potential (84) in the Brans-Dicke gravity is plotted in
Fig. 5. In contrast with the Higgs potential (82), the prediction of this potential for the two
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FIG. 5: Same as Fig. 1 but for the Coleman-Weinberg potential (84). The predictions of the model
for N∗ = 50 and N∗ = 60 are shown by the dashed and solid black lines, respectively. In addition,
the results of this potential for the two ranges ϕ < µ and ϕ > µ are specified by black and orange
colors, respectively.
regimes ϕ < µ and ϕ > µ are completely different as shown in Fig. 5 by black and orange
colors, respectively. For the values ω ≫ 1, the results of the two regimes approach to a
common point in r− ns plane, that we see this behavior in Fig. 5. Also, from the figure we
see that the prediction of the Coleman-Weinberg potential (84) for the both regimes ϕ < µ
and ϕ > µ can place within the joint 95% CL region of Planck 2015 TT,TE,EE+lowP data,
if we take the horizon exit e-fold number as N∗ = 60. For this potential, for the both cases
ϕ < µ and ϕ > µ, for large values of ω, ns and r converge respectively to 0.9604 (0.9669)
and 0.16 (0.13), if we take the e-fold number of horizon exit as N∗ = 50 (N∗ = 60).
H. Natural inflation
In what follows, we concentrate on one of the most elegant inflationary models which is
natural inflation given by the periodic potential [108–110]
U(ϕ) = U0
[
1 + cos
(
ϕ
f
)]
, (85)
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where f > 0 is the scale which determines the curvature of the potential. This potential
has motivations from string theory and it often arises if the inflaton field is taken to be a
pseudo-Nambu-Goldstone boson, i.e. an axion, [108]. This potential behaves like a small-
field potential for 2pif < MP , and like a large-field potential for 2pif > MP [51]. The result
of this potential in the standard inflationary scenario is in agreement with the Planck 2015
observational data at 95% CL, as demonstrated in [12].
Although the result of the natural potential (85) in the standard inflationary scenario is
same for the both ranges 0 < ϕ/f < pi and pi < ϕ/f < 2pi [108], their results are different
in the Brans-Dicke theory. To account for this fact, we note that using Eqs. (67) and (68),
the potential (85) changes under the conformal transformation to the Einstein frame as
V (φ) = U0e
−2
√
2
2ω+3
φ
[
1 + cos
(
1
f
e
√
2
2ω+3
φ
)]
. (86)
Consequently, although the natural potential (85) is symmetric in the Jordan frame, the
transformed potential (86) is not symmetric in the Einstein frame. Indeed, in the Einstein
frame the shape of the potential is not the same for the both sides around the minimum of
potential, i.e. for the ranges φ <
√
2ω + 3 ln (pif) and φ >
√
2ω + 3 ln (pif). Additionally,
these two ranges correspond respectively to the ranges 0 < ϕ/f < pi and pi < ϕ/f < 2pi, in
the Jordan frame. Putting all of these notes together, we conclude that the results of natural
potential (85) are not the same for the two sides of its minimum in the Jordan frame.
The results of this potential for the two ranges 0 < ϕ/f < pi and pi < ϕ/f < 2pi are
shown in Fig. 6, by black and orange colors, respectively. We see in the figure that the result
of the range 0 < ϕ/f < pi is outside the region allowed by Planck 2015 TT,TE,EE+lowP
data for N∗ = 50, but if we take N∗ = 60, then its result can enter the 95% CL region of
the same data. It is evident from the figure that the result of the range pi < ϕ/f < 2pi
for both N∗ = 50 and N∗ = 60 can be lied inside the marginalized joint 95% CL region of
Planck 2015 TT,TE,EE+lowP data. It is worth mentioning that in this model, for the case
0 < ϕ/f < pi, a larger value of ω gives a lower value for r, while for the case pi < ϕ/f < 2pi,
the greater ω leads to the smaller r. But for the both cases, r approaches 0.16 (0.13) for
large values of ω, if we take N∗ = 50 (N∗ = 60). Also, in the both cases, ns approaches
0.9605 (0.9670), for N∗ = 50 (N∗ = 60).
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FIG. 6: Same as Fig. 1 but for the natural potential (85). The predictions of this potential for
N∗ = 50 and N∗ = 60 are shown by the dashed and solid black lines, respectively. Furthermore,
the results for the two ranges 0 < ϕ/f < pi and pi < ϕ/f < 2pi are specified by black and orange
colors, respectively.
I. Spontaneously broken supersymmetry (SB SUSY) potential
Here, we proceed to investigate inflation with the spontaneously broken supersymmetry
(SB SUSY) potential
U(ϕ) = U0 (1 + b lnϕ) , (87)
where b > 0 is a dimensionless parameter. This potential has wide usage in the hybrid models
to provide ns < 1 [111]. However, the result of this potential in the standard inflationary
model cannot be compatible with Planck 2015 TT,TE,EE+lowP data [12].
In the inflationary framework based on the Brans-Dicke gravity, the result of the SUSY
breaking potential (87) for the observational quantities ns and r depend on the Brans-Dicke
parameter and the horizon exit e-fold number N∗. The result of the potential in r − ns
plane is presented in Fig. 7. It shows that the prediction of the SUSY breaking potential
(87) within the framework of Brans-Dicke gravity in contrary to the standard setting, can
lie inside the 68% CL region of Planck 2015 TT,TE,EE+lowP data [12]. For this potential,
a larger value of the Brans-Dicke parameter ω gives rise to larger value for both ns and r.
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FIG. 7: Same as Fig. 1 but for the SB SUSY potential (87). The results for N∗ = 50 and N∗ = 60
are demonstrated by the dashed and solid black lines, respectively.
But finally, as ω increases, ns and r converge respectively to the values 0.9701 (0.9751) and
0.08 (0.07), if we consider N∗ = 50 (N∗ = 60).
J. Displaced quadratic potential
The last inflationary potential that we investigate in the Brans-Dicke scenario, is the
quadratic potential with displaced minimum
U(ϕ) = U0
(
1− ϕ
µ
)2
, (88)
where U0 and µ > 0 are constant parameters. By use of the transformation relations (67)
and (68), one can show that for the vanishing Brans-Dicke parameter (ω = 0), the above
potential changes into the potential corresponding to the Starobinsky R2 inflation in the
Einstein frame. Therefore, we can consider the inflationary model with the above potential
in the Brans-Dicke gravity as a generalized version of the Starobinsky R2 inflation.
Note that the consistency of the potential (88) with the Planck 2013 data in the Brans-
Dicke gravity has been already investigated by [19] using the Einstein frame. But in the
present work, we study this potential in the Jordan frame which is our physical frame.
Furthermore, we check comparability of this potential in comparison with the Planck 2015
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observational data. We show the r−ns plot of the displaced quadratic potential (88) in Fig.
8 in comparison with the observational results. The results of the potential for the ranges
ϕ < µ and ϕ > µ are specified by black and orange colors, respectively. As it is obvious from
the figure, result of the range ϕ < µ is not consistent with Planck 2015 TT,TE,EE+lowP
data [12] for N∗ = 50. But for N∗ = 60, its result can be placed inside the 95% CL region of
the same data. Also, it is clear from the figure that for the range ϕ > µ, the potential can
be in well agreement with the observation such that its prediction can lie inside the 68%
CL region of Planck 2015 TT,TE,EE+lowP data [12] for both N∗ = 50 and N∗ = 60. We
see in Fig. 8 that the result of the range ϕ > µ approaches to the Starobinsky R2 inflation
that its prediction has been specified by a green line. In the figure, for the case ϕ < µ, the
larger value of ω gives rise to a larger value for ns, but a smaller value for r. It should be
noted that for the both cases ϕ < µ and ϕ > µ, if we take ω very larger than unity, then
the prediction of the potential (88) for ns and r converges respectively to the values 0.9604
(0.9669) and 0.16 (0.13), for N∗ = 50 (N∗ = 60).
So far, we tested the predictions of various potentials in r−ns plane relative to the Planck
2015 observational results. In Table I, we summarize the results of the examined inflationary
potentials. To specify the viable inflationary potentials in light of the observational results,
it is further needed to check consistency of their predictions for other inflationary observables
such as the running of the scalar spectral index dns/d ln k, Eq. (55), and the equilateral non-
Gaussianity parameter f equilNL , Eq. (64). We evaluate these two observable parameters for the
potentials which are successful in the r − ns test. Subsequently, we compare our results for
different potentials with the results deduced from the Planck 2015 data implying dns/d ln k =
−0.0085±0.0076 (68% CL, Planck 2015 TT,TE,EE+lowP) and f equilNL = −16±70 (68% CL,
Planck 2015 T-only) [12]. In Table II, we summarize the predictions of only viable potentials
for dns/d ln k and f
equil
NL with the allowed ranges for the Brans-Dicke parameter ω, which are
compatible with the Planck 2015 results. Here, we should notice that the values of Brans-
Dicke parameter ω in several models do not seem to be compatible with the Solar System
constraint, ω & 105. Of course, if the Brans-Dicke scalar field decays after inflation, the
subsequent cosmology coincides with Einstein’s general relativity and todays bound does
not apply.
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FIG. 8: Same as Fig. 1 but for the displaced quadratic potential (88). The results for N∗ = 50 and
N∗ = 60 are shown by the dashed and solid lines, respectively. Furthermore, the predictions of the
model for the two ranges ϕ < µ and ϕ > µ are specified by black and orange colors, respectively.
The result of the Starobinsky R2 inflation for 50 < N∗ < 60 is shown by the green line, while the
smaller and larger green points demonstrate the results corresponding to N∗ = 50 and N∗ = 60,
respectively.
V. CONCLUSIONS
We studied inflation in the framework of Brans-Dicke gravity. For this purpose, first we
presented a brief review on the scalar-tensor theories of gravity and expressed the equations
governing the background cosmology. We also, reviewed briefly the cosmological perturba-
tions in the scalar-tensor gravity and obtained the scalar and tensor power spectra for this
general class of models. Applying the scalar and tensor power spectra, we found relations
of the inflationary observables for the model that it makes possible for us to connect theory
with observation.
In the next step, we considered the Brans-Dicke gravity as a special case of the scalar-
tensor gravity and provided a brief review on this theory of gravity. The Brans-Dicke
gravity is based on Mach’s principle implying that the inertial mass of an object depends
on the matter distribution in the universe so that the gravitational constant should have
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TABLE I: Results of different inflationary potentials in the Brans-Dicke gravity in r − ns plane
in comparison with the Planck 2015 observational results. Here, the horizon exit e-fold number is
N∗ = 60.
Potential Standard model Brans-Dick gravity
Power-law 95% CL Outside the region
Inverse power-law Outside the region Outside the region
Exponential Outside the region Outside the region
Hilltop, p = 4 68% CL 95% CL
D-brane, p = 4 68% CL 68% CL
Higgs, ϕ < µ 68% CL 95% CL
Coleman-Weinberg, ϕ < µ 68% CL 95% CL
Natural 95% CL 95% CL
SB SUSY Outside the region 68% CL
Displaced quadratic, ϕ > µ 95% CL 68% CL
time-dependence and is usually described by a scalar field. Using the results of the scalar-
tensor gravity, we obtained the equations governing the background cosmology in the Brans-
Dicke gravity. Then, we considered the slow-roll approximation to simplify the background
equations. We further obtained relations of the inflationary observables for the Brans-Dicke
gravity, in the slow-roll approximation.
Subsequently, we discussed about the conformal transformations from the Jordan frame
to the Einstein frame. Although in this paper, we considered the Jordan frame as our
physical frame, however our analysis shows explicitly that in the slow-roll approximation
the relations of the inflationary observables including the scalar power spectrum Ps, the
scalar spectral index ns and the tensor-to-scalar ratio r, are identical in both the Jordan
and Einstein frames.
In addition, we checked viability of different inflationary potentials in the framework of
Brans-Dicke gravity. We chose the potentials that have wide usage in study of inflation and
they have motivations from quantum field theory or string theory. Our study shows that in
the Brans-Dicke gravity, results of the power-law, inverse power-law and exponential poten-
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TABLE II: Results of different inflationary potentials in the Brans-Dicke gravity for the running of
the scalar index dns/d ln k and the equilateral non-Gaussianity parameter f
equil
NL . The observables
have been evaluated at the horizon exit e-fold number N∗ = 60.
Potential Range of ω Consistency f equilNL dns/d ln k
Hilltop, p = 4 103 . ω . 105 95% CL −0.0054 . f equilNL . −0.0052 −0.00019 . dns/d ln k . −0.00016
D-brane, p = 4 900 . ω . 104 68% CL −0.0168 . f equilNL . −0.0074 −0.0008 . dns/d ln k . −0.0002
Higgs 2× 103 . ω . 105 95% CL −0.003 . f equilNL . −0.0005 −0.0005 . dns/d ln k . −0.0004
Coleman-Weinberg 700 . ω . 9000 95% CL −0.0058 . f equilNL . −0.0004 −0.0004 . dns/d ln k . −2.4× 10−6
Natural 400 . ω . 104 95% CL −0.0385 . f equilNL . −0.0015 −0.0023 . dns/d ln k . −3.7× 10−6
SB SUSY 270 . ω . 4000 68% CL −0.0058 . f equilNL . −0.0004 −8× 10−5 . dns/d ln k . −4× 10−7
Displaced quadratic 0 . ω . 3000 68% CL −0.0004 . f equilNL . 0.0032 −0.0006 . dns/d ln k . −0.0004
tials lie completely outside the region allowed by the Planck 2015 data, and therefore these
inflationary potentials are ruled out. The hilltop, Higgs, Coleman-Weinberg and natural
potentials can be compatible with Planck 2015 TT,TE,EE+lowP data at 95% CL. More-
over, the D-brane and SB SUSY potentials can be in well agreement with the observational
data since their results can lie inside the 68% CL region of Planck 2015 TT,TE,EE+lowP
data. Another inflationary potential that we examined in the Brans-Dicke gravity, was the
quadratic potential with displaced minimum. This potential for the zero Brans-Dicke pa-
rameter (ω = 0) leads to the Starobinsky R2 inflation. The result of the quadratic potential
with displaced minimum can be placed within the 68% CL region of Planck 2015 results.
We also examined the other inflationary observables including the running of the scalar
spectral index dns/d ln k and the equilateral non-Gaussianity parameter f
equil
NL for those po-
tentials whose results in r − ns plane were consistent with the Planck 2015 data. We
concluded that results of those potentials for dns/d ln k and f
equil
NL are compatible with the
Planck 2015 results too.
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